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Abstract—We consider pilot pattern optimization for single
user single-input-single-output orthogonal frequency division
multiplexing transmission over doubly-selective channels, assuming least squares channel estimation with linear interpolation and extrapolation. Our focus is on small data
packet transmission which is typical for machine-type communications. We compare diamond-shaped pilot patterns to
rectangular-shaped pilot patterns. We optimize the density
and spacing of pilot symbols in both pilot patterns with
respect to the constrained capacity and demonstrate that the
rectangular pilot pattern can outperform the diamond-shaped
pattern in case of small data packet transmission.
Index Terms—Border Effects, Channel Estimation Error,
Constrained Capacity, Extrapolation Error, Pilot Pattern
Optimization

to the border results in a smaller extrapolation error. In case
of large transmit bandwidth, the impact of the extrapolation
error is negligible; however, for small transmit bandwidth
this is not the case.
Assuming a small bandwidth we compare rectangular
pilot patterns and diamond pilot patterns and emphasize
the superiority of rectangular pilot patterns in certain cases
due to the smaller extrapolation error.
The rest of this work is structured as follows: Section II
provides an overview of the system model. In Section III
we provide the criterion for the pilot pattern optimization.
The simulation results and comparison between different
pilot patterns are shown in Section IV.

I. I NTRODUCTION
One of the major design goals of the upcoming fifth
generation (5G) of wireless communications technology
is to support highly efficient transmission of small data
packets [1]. Ultra-reliable low latency communications
(URLLC), as one of the 5G use cases, requires short data
packets in order to minimize latency [1], [2], [3], [4].
In this paper we consider Single User Single-InputSingle-Output (SU-SISO) Orthogonal Frequency Division
Multiplexing (OFDM) for small data packet transmission.
In order to evaluate the capacity performance assuming
doubly-selective channels we account not only for different
channel conditions such as delay and Doppler spread, but
also for the channel estimation error as a consequence of
imperfect channel knowledge [5]. Moreover, we investigate the optimal pilot pattern in order to maximize the
constrained capacity for a given total number of pilots.
For our optimization problem we rely on the cost function
investigated in [6].
In the literature a diamond pilot pattern or its variants,
such as rotated diamond or cell pattern are presented as optimal, mainly due to the unbounded transmission bandwidth
[7]. However, in reality with finite bandwidth the optimal
pilot pattern also depends on the extrapolation error that is
involved in the channel estimation error. The extrapolation
error depends on the number of data resources placed out of
the certain pilot shape. In general, placing the pilots closer
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II. S YSTEM M ODEL
As mentioned before, we consider SU-SISO OFDM. The
received OFDM symbol is represented as:
yk,n = hk,n xk,n + ωk,n
(1)
where hk,n ∈ C denotes the frequency response and
xk,n ∈ C denotes the transmitted data symbol at appropriate
frequency-time position k, n. Additive white Gaussian
noise and intercarrier interference (ICI) are included in
2
ωk,n ∼ CN (0, σICI
+σn2 ), with σn2 denoting the noise power
2
and σICI denoting the average ICI power as a consequence
of Doppler shifts. In order to estimate the channel on pilot
positions, we perform Least Squares (LS) estimation:
ykp ,np
ĥkp ,np =
,
(2)
xkp ,np
where kp , np ∈ P denotes a pilot position from the set P
of all pilot positions. The estimated channel at the pilot
positions enables to find the channel estimates at data
positions ĥk,n , by applying a two dimensional (2D) linear
interpolation:
ĥk,n =

∑

{k ,np }

wk,np

ĥkp ,np .

(3)

kp ,np ∈P
{k ,n }

Here, wk,np p denotes the inter/extrapolation weight of
the estimated channel at pilot position kp , np with respect
to the inter/extrapolated data position k, n.
III. P ILOT PATTERN O PTIMIZATION
As mentioned above, we compare diamond-shaped pilot
patterns and rectangular-shaped pilot patterns in this work.
In contrast to the common assumption of equally spaced
pilots in the time and frequency domains, which is a
reasonable assumption for unbounded transmission bandwidth and duration, we consider unequally spaced pilots,
which allows us to achieve a smaller extrapolation error.
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Fig. 1: Pilot shifts in time and frequency domain for a constant bandwidth

To optimize the spacing of pilot symbols, we employ the
constrained capacity as a cost function [8]:
C̄(Nf , Nt , ∆f , ∆t ) = B(Nf , Nt ) log2 (1 + γ̄(Nf , Nt , ∆f , ∆t )).
(4)

In this equation B(Nf , Nt ) refers to the spectral utilization
function depending on the number of pilots in time Nt , and
frequency Nf , respectively. It is defined as:
B(Nf , Nt ) =

Nd
,
Nd + Np

(5)

where Nd and Np = Nt Nf are the number of transmitted
data and the number of pilots, respectively. The optimal pilot density depends on the channel properties. For example,
with large delay and Doppler spread the pilot density will
be increased in frequency and time domain, respectively.
It further affects the number of data and pilots within the
corresponding bandwidth. The post-equalization Signal to
Interference Plus Noise Ratio (SINR) is denoted by γ̄ and
it is stated as:
γ̄(Nf , Nt , ∆f , ∆t ) =

σn2

+

2
σICI
σd2

+

σd2
,
2
σe (Nf , Nt , ∆f , ∆t )σd2

(6)

where σd2 is the unit data power and σe2 is the channel
estimation error. Modeling the channel according to the
Jakes’ spectrum, ICI is represented by the zeroth-order
Bessel function of the first kind [9]. The ICI power also
impacts the channel estimation error. The closed-form
expression of the channel estimation error is given by:
2
σe2 (Nf , Nt , ∆f , ∆t ) = ce (Nf , Nt , ∆f , ∆t )(σn2 + σICI
σd2 )

+ d(Nf , Nt , ∆f , ∆t ),
(7)
with d denoting the interpolation error and ce denoting the
coefficient determined by the weighting factor from (3):
ce (Nf , Nt , ∆f , ∆t ) =

1
Nd

∑

∑

{k ,np }

(wk,np

2

) .

{k,n}∈D {kp ,np }∈P

(8)
The scalar ce is the averaged value over all data symbols
from the data set D, depending only on the pilot positions.
Taking into account not only the pilot positions, but also
the second-order statistics captured by the autocorrelation
function R(∆k,∆n) , the interpolation error can be expressed

by:
d=
+

1
Nd

∑

(1 − 2

∑

wk,n

∑

{kp ,np }

R{R(∆k,∆n) }

{kp ,np }∈P

{k,n}∈D

wk,n

∑

{kp ,np }

wk,n

{kp′ ,np′ }
R{R

{kp ,np }∈P {kp′ ,np′ }∈P

(∆kpp′ ,∆npp′ ) }).

(9)
Due to space issues we omit the dependence of d on
the variables Nf , Nt , ∆f and ∆t . Under the Wide Sense
Stationary Uncorrelated Scattering (WSSUS) assumption,
the autocorrelation function is defined as a product of
temporal and frequency correlation:
R(∆k,∆n) = R∆k R∆n .

(10)

Since we assume Jakes’ spectrum the temporal correlation
is given by the zeroth-order Bessel function of the first
kind. Frequency correlation is calculated according to the
power delay profile of the channel. In order to have
smaller extra/interpolation error both time and frequency
correlation have to be strong. As we emphasized before,
we do not only observe the pilot spacings in time and
frequency domain, but also the pilot placement relevant
to the proximity of the border of the transmit block in
order to evaluate the extrapolation error. In other words,
we artificially place the pilots at the border of our transmit
block and shift them symmetrically keeping the bandwidth
constant. We shift the pilots either particularly in time, ∆t
or frequency domain, ∆f or in both domains simultaneously, as it is shown in Figure 1. Figure 1a represents the
case when pilots are placed at the border of the transmit
block, while Figures 1b and 1c are cases with only time
shift and shifts in both domains, respectively. This case
shows the diamond pilot pattern. The same setup holds for
the rectangular pilot pattern. The optimal time-frequency
shifts change depending on the channel conditions and
bandwidth size.
IV. S IMULATION R ESULTS
In this section, we compare the performance of the
constrained capacity of the diamond pilot pattern and the
rectangular pilot pattern as a function of the user velocity
and the number of pilots in time and frequency domain.
We consider a doubly-selective channel and optimize the
constrained capacity with respect to the pilot symbol spacing for a given total number of pilot symbols. Additionally,
we simulate the throughput performance according to the

optimal pilot density in order to verify the validity of our
analytical results. The parameters we use for the analysis
as well as for simulations are shown in Table 1.
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Our goal is to maximize the constrained capacity and
find the optimal number of pilots in frequency and time
domain, according to the channel. In Figure 2 we show
the behavior of the constrained capacity versus the number
of pilots in frequency domain when the SNR is 15 dB.
We consider two different velocities of 5 km/h for the
Pedestrian A channel and 150 km/h for the Vehicular A
channel [10]. We take the optimal frequency and time
distance between the pilots and optimal time-frequency
shifts at the same time. In both cases we can observe that
the rectangular pilot pattern outperforms the diamond pilot
pattern due to the smaller extrapolation error. Similarly, in
Figure 3 we present how the constrained capacity changes
with respect to different Nt . Here, we can see that the
rectangular pilot pattern is better when we have sufficiently
flat channel. However, in selective channels that is the
case only when the number of pilots in time domain is
small, emphasizing the impact of the extrapolation error
due to the larger border effects. Once the number of pilots
is sufficient to mitigate the border effect, the diamond
pilot pattern achieves better rate. Figure 4 shows how
the constrained capacity changes with respect to different
velocities for the optimal configuration of parameters. If
the noise power is sufficiently large, then the channel
estimation error is mainly determined by the extrapolation
error (7), resulting in better behavior of the rectangular pilot
pattern. On the other hand, if the noise power is small, then
the interpolation error determines the channel estimation
error and in such cases the diamond pilot pattern overcomes
the rectangular pilot pattern.
In order to verify the validity of the SINR closedform expression (6) accounting also for the extrapolation
error we simulate the throughput performance employing
the 5G Link Level Simulator [11]. Here, we use a larger
packet size of 72 subcarriers for analysis as well as for
simulations. For certain number of pilots in the frequency
and the time domain we find the optimal throughput, using
adaptive modulation and coding schemes. From Figure 5
it is visible that our simulated throughput performance has
the same trend as the constrained capacity. There is a small
mismatching between the analytical and simulation result
due to the channel estimation error. That is a consequence
of an assumption of equally distributed power over infinite
number of subcarriers for ICI power calculation. However,
we assume a small bandwidth in the simulations where
subcarriers at the edge of the transmission bandwidth do
not experience the same transmit power as subcarriers in
the middle. We can observe that the behavior is almost
constant over a large regime of pilots in time and frequency.
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Fig. 2: Constrained capacity vs. number of pilots in frequency
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Fig. 3: Constrained capacity vs. number of pilots in time
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TABLE 1: Parameters used for the results.
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Fig. 4: Constrained capacity vs. velocity

150

situation the diamond pattern outperforms the rectangular
pattern. Additionally, we compare the simulated throughput
performance to the analytical constrained capacity in order
to confirm the validity of the SINR closed-form expression. We observe that the performance of both functions
match quite well with small deviations, mainly due to the
assumption of the small bandwidth.
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V. C ONCLUSION
In this paper, we compare the performance of diamondshaped and rectangular pilot patterns for small transmission
bandwidth assuming LS channel estimation with linear
interpolation and extrapolation. We show that the rectangular pattern can outperform the diamond-shaped pattern
in case of strongly emphasized border effects. This is a
consequence of reduced extrapolation error of the rectangular pattern at the border of the transmission bandwidth.
Contrarily, the diamond shaped pattern achieves a lower interpolation error in strongly time-selective situations, which
can compensate for the larger extrapolation error. In this
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